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Abstract 

In this work, we derive numerous identities for multivariate g-Euler polynomials by using 
umbral calculus. 
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H. 1- Preliminaries 

Throughout this paper, we use the following notations, where C denotes the set of com- 
plex numbers, J 7 denotes the set of all formal power series in the variable t over C with 

T = j/ (t) = J2T=o ak I\ I a fc ^ ^j; ^ = C [x] and V* denotes the vector space of all linear 

functional on V, (L | p (x)) denotes the action of the linear functional L on the polynomial 
p (x) , and it is well-known that the vector space operation on V* is defined by 

(L + M\p(x)) = (L | p{x)) + (M | p(x)) , 
(cL\p(x)) = c(L\p(x)), 

where c is some constant in C (for details, see [2], [13], [EE], [To]). 
The formal power series are known by the rule: 

°° t k 

k=0 



2 



which defines a linear functional on V as (/ (t) \ x n ) = a n for all n > (for details, see [2], 
03], HQ, US])- Additionally, 

(t k \ x n ) = n\S n , k , (1.1) 

where 5 n ^ is the Kronecker symbol. When we take fi (t) = YlT=o I xk ) ¥' then we obtain 
(/l (t) | x n ) = (L | x n ) and so as linear functional L = f L (£) (see |2j, [13], pi], [IB]). 
Additional, the map L — >■ /x, (t) is a vector space isomorphism from V* onto J 7 . Henceforth, 
J 7 will denote both the algebra of the formal power series in t and the vector space of all 
linear functionals on V, and so an element / (t) of T will be thought of as both a formal 
power series and a linear functional. T will be called as umbral algebra (see [2], [T3], [TT] . 

TO- 

Also, the evaluation functional for ?/ in C is defined to be power series e yt . We can write 
that (e yt | x n ) = y n and so (e^ \p(x)) = p{y) (see 0, [E], pi], [16]). We want to note that 
for all / (t) in T 

oo 



/(*) = £ </(*)!**>£ (I- 2 ) 

fc=0 



and for all polynomial p (x) , 



oo 

p(x) = ^<t fc |p(^)>f [ , (1-3) 



A- 



fc=0 



(for details, see [2], [IS], [H], p3]). The order o(f(t)) of the power series / (t) 7^ is the 
smallest integer k for which does not vanish. It is considered o (/ (t)) = 00 if / (t) = 0. We 
see that (/ (t) g(t)) = o(f (t))+o (g (£)) and o (f (t) + gjt)) > min {o (f (*)) , o (g (£))}. The 
series / (£) has a multiplicative inverse, denoted by / (t)~ or j^y, if and only if o (/ (t)) = 0. 
Such series is called an invertible series. A series f (t) for which o(f(t)) = 1 is called 
a delta series (see [2], [13], [H], [16]). For f (t) ,g (t) G J 7 , we have (f(t)g(t) \p(x)) = 
(f(t)\g(t)p(x)). 

A delta series / (t) has a compositional inverse / (t) such that / (/ (£)) = / (/ (£)) = t. 
For f(t),g{t)eF, we have {/ (t) 9 (t) | p (i)> = (/ (t) 9 (<) p (i)>. By {13, we have 

M = ^ = £ £^<f» , (! - 1) .••<!-*+ 1) (1 .4) 

i=fc 



p( fc ) (0) = (t k \p(x)) = (l I p {k) (x)> . (1.5) 
t*p(:r)=p(*)(s) = ^^. (1-6) 



Thus, we see that 
By (H2D, we get 

So, we have 

e yt p(x) =p(x + y). (1.7) 

Let S'n (x) be a polynomial with deg S n (x) = n. Let / {t) be a delta series and let g (t) 
be an invertible series. Then there exists a unique sequence S n (x) of polynomials such that 

(^g(t)f(t) k I S n (x)^ = n\5 nt k for all n, k > 0. The sequence 5 n (x) is called the Sheffer 

sequence for (g (t) , / (£)) or that Sy, (£) is Sheffer for (g (t) ,/(£)). 



The Sheffer sequence for is called the associated sequence for / (£) or S n (x) is 

associated to / (t). The sheffer sequence for (g (t) , t) is called the Appell sequence for g (t) 
or S n (x) is Appell for g (t). 

Let p (x) G V. Then we have 



= y p(u)du, 

(f(t)\xp(x)) = (d t f(t)\p(x)) = (f(t)\p(x)), (U 
(e*-l|p(x)) = p (y) - p (0) , (see 0, [B], [II], [IB]). 
Let S'w (x) be sheffer for (g (t) , f (£)). Then 

, (t) = ^MJp s(t)/( i)» Mt)6 jr 

fc=0 



p [x) 



~(g(t)f(t) k \ P (x) 

J2~ jfej / -S k {x) 1 p(x)€P 1 



i - „ + 



_ e yf(t) 



k=0 



^S k (y)-, forallyGC, (1.9) 



9 (f^)) U k\ 

f (t) S n (x) = nS n _i (x) . 

Let aj, • • • , a r , bi, • • • , b r be positive integers. Kim and Rim defined the generating function 
for multivariate g-Euler polynomials in [1], as follows: 



F q (t,X | Ol, " " " , Op; A) = ^ #n,g (& | ' ' ' .OrS&i,--- , 6 r ) — (1.10) 

n=0 ' ' ' 

2 r 



( g 6i e oit + 1) . . . ( g 6r e art 4- 1) 

Note that 

Eo,q (% | ax, • • • , a r ; 6 1; • • • , b r ) - — 



[ 2 L 6 1 [ 2 L b 2 ■ • • [ 2 Ur 



Jg"l L-Jg' 

where [x] is g-extension of x, which is defined by 

[A q = <L - Z T = 1 + 9 + + ■ • • + <f~ l - 
1 q — 1 

We assume that g G C with |g| < 1. Also, we want to note that lim,^ [x] = x (see [1-15]). 
In the special case, x = 0, E njq (0 | a±, ■ ■ ■ , a r ; b±, • • • , b r ) := E n>q (ai, • • • , a r ; &i, • • • ,b r ) are 
called multivariate g-Euler numbers. By (11.101) . we procure the following: 



E n , q (x | a 1; - • • , a,.; , 6 r ) = ^ (fcP*^* 

k=0 ^ ' 



' n -k,q (ai, • • • , a r ; 6i, • • • , 6 r ) . (1-H) 



In [2], Kim et a/, studied some interesting identities for Frobenius-Euler polynomials 
arising from umbral calculus. They derived not only new but also fascianting identities in 



modern classical umbral calculus. By the same motivation, we also get numerous identities 
for multivariate g-Euler polynomials by utilizing from the umbral calculus. 

2. On the multivariate g-Euler polynomials arising from umbral calculus 

Assume that S n (x) is an Appell sequence for g (t), by ( II. 9p . we have 

' x n = S n (x) if and only if x n = g (i) S n (x) , (n > 0) . (2.1) 



9(t) 
Let us take 

(q bl e ait + 1) ■ ■ ■ (q br e art + 1) 
g(t\a ir -- , Or; 6i, • • • ,b r ) = — e 7. 

Then we readily see that g (t \ ax, ■ • ■ , a r ; b\, ■ ■ ■ ,b r ) is an invertible series. By ( 12. li . we 
have 

°° t n 1 

E ^ {x\ai,---, a r ; b±,--- A)~ { = - {f , - . . . ; - ^ . . . ; ^ ^ (2.2) 

x n = E nA (x | oi, • • • , a r ; b u ■ • ■ , b r ) . (2.3) 



n=0 



By (12. 2p . we procure the following: 

1 



Also, by ( II. 9p . we have 

tE ni g (x | ai, • • • , a r ; b u ■ ■ ■ , b r ) = E nA (x \ a x , ■ • • ,a r ; b u ■ • • , b r ) (2.4) 
= nE n _ hq (x | ai, - • • , a r ; b x , ■ ■ • , b r ) . 
By (I2.3p and (12.41) . we have the following proposition. 
Proposition 1. For n > 0, E n ^ q (x \ ai, • • • , a r ; bi, • ■ ■ , b r ) is an Appell sequence for 

(q bl e ait + 1) ■■■ (q br e art + 1) 
9{t I ai, • • • ,a r ;bx,--- ,b r ) = — . 

By (rrrOD . we see that 

E n , q {x | Oi, • ■ • , a r ; h, ■ ■ ■ , b r ) — = (2.5) 

n\ g z 



n=l 



1 „ »1 n\ I" 

x-x n - --x n — 
9 99 J n\ 



= E 

n=0 

where g := g(t \ a%,--- , a r ; bi, • • ■ ,b r ) is used. Because of (I2.3P and (12.51) . we discover the 
following: 

E n +i, q (x | ax, ■ ■ ■ , a r ; b u ■ ■ ■ , b r ) (2.6) 
9 

= xE n q (x ai, • • • , a r ; 6 X , • • • , b r ) E n q (x \ a%, ■ ■ ■ , a r ; b x , ■ ■ ■ , b r ) . 

9 

Therefore, we deduce the following theorem. 



(q b ie a i t + l)---fij i>r e t!rt +l) 

Theorem 1. Let g := g (t \ a±, ■ • • , a r ; bx, • • • , b r ) = - '-^r G T . Then we 

have for n > : 

E n+ i iq {x | ai, • • • , a r ; 61, • • ■ , b r ) = - E n>q (x | a x , ■ ■ - , a r ; bx, - ■ ■ , 6 r ) . (2.7) 
From fll.lOp . we derive that 
^2 (Q brE n, q {x + a r I a x , • • • , a r ; 61, • • • , 6 r ) + £ n , 9 | a x , ■ ■ ■ , a r ; 61, • • • , 6 r )) — (2.8) 



n=0 



= 2 V E nq {x I ai, • • • ,a r _i; &i, • • • ,fe r -i) — r- 
z — ' n! 

n=0 

By comparing the coefficients in the both sides of ^ on the above, we develop the following: 



re! 

J>r 



2E nA (x I 01, • • • , a r _i; 61, • • • , 6 r _i) = q r E n>q (x + a r | a 1; - • • , a r ; 61, • • • , b r ) (2.9) 

(x I ai, • •• , a r ; h, ■ ■ ■ ,b r ) . 
From Theorem [T], we get the following equation: 

gE n+1>q (x I ai, • • • , a r ; bx, ■ ■ ■ , b r ) (2.10) 
= gxE ntq (x I ai, • • • , a r ; foi, • • • , 6 r ) - (a | ax, ■ ■ ■ , a r ; bx, ■ ■ ■ , b r ) . 
By using (12. 9p and (I2.10p . we obtain the following theorem. 
Theorem 2. For n > 0, then we have 

2E nA (x I ax, ■ ■ ■ , a r _i; 61, • • • , 6 r _i) = <? 6r £n, g (a + a r | ax, ■ ■ ■ , a r ; b x , ■ ■ ■ , b r ) (2.11) 

+E ns (x \ ax,-- - ,a r ; bx,-- - ,b r ) . 

Now, we consider that 

nx+y 

/ E ntq (u \ ax, - ■ ■ ,a r ;bx, - ■ ■ , b r ) du 

J x 

= - — 1 {E n , q (x + y \ ax, ■ ■ ■ , a r ;bx, ■ ■ ■ ,b r ) - E nA [x \ a x , ■ • ■ , a r ; bx,--- , b r )) 



rT [ + 1 ) En + l -i>i \ a ±1 - ■ ■ ,a r ;bx, - ■ ■ ,b r )y J 
7=1 ^ ^ ' 



n + 

3 



^n(n-l)(n-2)---(n-j + 2)^ . . , . 

2^ ^ I a i, ■ • • > a n 61, • • • , b r ) y° 



1 / °° "^tP \ 

- I ^ ~i 1 ) E n,q ( x I °1' ' ' ' ' a ^ fe l> ' ' ' ' M 

\j=0 

e yt _ 1 



f -E nA (x I ax,-- ■ ,a r ; b x ,--- ,b r ) 
Therefore, we discover the following theorem: 



Theorem 3. For n > 0, then we have 

x +y e vt _ i 

E n , q (u | oi, • • • , a r ; h, ■ ■ ■ , b r ) du = — - — E n>q (x | ai, • ■ • , a r ; 6 1; • • • , b r ) . (2.12) 



E n+ i >q (x | ai, • • • , a r ; 6 X , • • • , 6 r ) \ = E n>q (x | a x , • • • , a r ; &i, • • • , 6 r ) . (2.13) 



By (12. 4p and Proposition 1, we have 
1 

n + 1 

Thanks to ( 11.81) . we readily derive the following: 



1 n+1 / 

e yt - 1 / -E„+i, g (x | ai, • • • , a r ; • • • , b r 



t 1 I n+1 

e vt _ i 



f , (x | ai, • • • ,a r ; &i, • • • , 6 r ] 
On account of ( 1213]) and ((HHJ), we get 

e^-i.rn / , , , A / vt -i i E n+ i >q (a; | ai, • • • , a r ; 61, • • • , 6 r ) 



, (a; I ai, ■ ■ • , a r ; 61, • • ■ , b r ) ) = ( e yt - 1 , 
t I \ n+1 

— {E n+ i iQ (y I ai, • • • , a r ; b 1} ■ ■ ■ , b r ) — E n+lA (a x , • • • , a r ; 61, • • • , 6 r )} 



n 



/ E n>q (u I ai, • • • , a r ; b 1} ■ ■ ■ , b r ) du. 
Jo 



E nA (x I ax, - • • , a r ; 61, • • • , 6 r )^ = ^ £ n , g (« | ai, ■ • • , a r ; &i, • • • , b r ) du. (2.15) 



Consequently, we obtain the following theorem. 

Theorem 4. For n > 0, then we have 
' e yt - 1 , _ , , . . A 

— r 

Assume that 

V{q\a ly --- ,a r ;b 1: --- ,b r ) = {p{x) <E Q {q \ a lt ■ ■ • , a r ; 6 X , • • • , b r ) [x] \ degp(x) < n} 

is a vector space over Q (q | a 1; ■ • • , a r ; b±, ■ ■ ■ , b r ). 

For p (x) G V (q | 01, • • • , a r ; &i, • • • , 6 r ), let us consider 



p (a;) = ^ bfc-Efc, g (x I ai, • • • , a r ; b x , ■ ■ ■ , b r ) . (2.16) 



k=0 



By Proposition [TJ j5 n)9 (u\ a\, • • • , a r ; bi, • • • ,b r ) is an Appell sequence for 

9 ■= 9 [t I a lt ■ ■ ■ , a r ; b X) ■ ■ ■ , b r ) = — . 

Thus we have 

(g (t I a x , ■ ■ ■ , a r ; 6 X , • • • , b r ) t k \ E n ^ q [x \ a x , ■ ■ • , a r ; 61, • • • , b r )) = n\6 n , k . (2.17) 



From ( 12.16ft and ( 12. 17ft . we compute 

n 

(g (t | oi, • • • , a r ; 6 X , • • • , b r ) t k \ p (x)) = ^k (gt k \ E Uq (x | oi, • • • , a r ; b u ■ ■ ■ , b r )) (2.18) 



1=0 

n 



biU6i tk = k\b k . 



1=0 



Thus, by (1 2 . 1 8 ft . we derive 



h = y(gt k \ P (x)) (2.19) 

= ^W 1 ^ + 1) • • • (i b " eart + l) I ^ (fc) (*)> • 

It is not difficult to show the following: 

(q bl e ait + 1) • • • {q hr e art + l) = ^ gE[=i 6 ; fe ; e * EJ=i _ ( 2 .20) 

fei,— ,fe r >0 

fc 1 +ft 2 H hfcr = l 

Via the (I2~T9"|) and (I2T2T?]) . we easily see that 

fcl,— ,fcr>0 
k 1 +k 2 -\ hfcr = l 

= 2^F E s^vft-fl 

fci,— ,fc r >o \i=i 

As a result, we state the following theorem. 
Theorem 5. For p(x) EV (q \ a 1} - ■ ■ , a r ; &i, • • • , b r ), when we consider 

■n 

p (x) = ^2 hEk, q (x I a u ■ ■ ■ , a r ; b u ■ ■ - , b r ) , 

k=0 

then we have 



where p^ (Y^ =1 ajkj 



fci,--,fc r >0 \j=l / 

fc 1 +fc 2 + ''' + *:r = l 

d k p(x) I 
da;* 1 l x= Ej=i Oj^j ' 
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